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A new method is studied for finding the molecular orbitals which minimize the energy of 
an LCAO-MO wavefunetion. The method makes use of successive rotations of pairs of orbitals. 
I t  can be applied to multi-determinant as well as to single-determinant wavefunctions. Criteria 
are found to minimize excited states. 

Une nouvelle m6thode est 6tudi6e ici pour trouver les orbitales mol6culaires qui mini- 
misent l'6nergie d'une fonetion d'onde LCAO-MO. La m4thode utilise des rotatiorts suceessives 
de couples d'orbitales. La m6thode peut minimiser aussi des fonetions d'onde multi-d6ter- 
minantales et les 6tats excit6s. 

Es wird eine ne ue Methode zur Bestimmung der M.O.s naeh dem Kri~erium minimaler 
Gesamtenergie beschrieben. Dabei werden jeweils zwei M.O.s sukzessive transformiert. Das 
Verfahren bleibt auch dann anwendbar, wenn fiir die Zustandsfunktion eine Linearkombina- 
tion yon HS-Determinunten angesetzt wird. Zum SchluB werde n noch einige Kriterien f'fir die 
Bestimmung yon angeregten ZnstEnden angegeben. 

I n t r o d u c t i o n  

The problem of minimizing the energy of  an LCAO-MO single d e t e r m i n a n t  
wavefunct ion  b y  var ia t ion  of the  coefficients was solved in i951 [7] for the  first 
t ime for a closed shell ground s ta te .  The coefficients can be found solving b y  
numer ica l  me thods  the  R o o t h a a n  equat ions,  which are an  app l ica t ion  to  LCAO- 
MO wave funct ions of  the  H a r t r e e - F o c k  equat ions  [4]. The so-called "un re s t r i c t ed"  
open shell wave funct ions [1, 5] can be t r ea t ed  in  a s imilar  way,  considering 
separa te ly  electrons wi th  opposed spin. 

I n  i960 [6] the  w a y  of ex tend ing  the  me thod  to  s ingly and  doub ly  filled open 
shell wave funct ions was found. The poss ib i l i ty  of  opera t ing  on dens i ty  mat r ices  
ins tead  of on molecular  orbi ta ls  was s tud ied  also [3]. 

I n  R o o t h a a n  equat ions  the  m. o. are eigenfunctions of  an  opera to r  F depending  
i tself  on the  m. o. F r o m  a s ta r t ing  set of  m. o . / / o  a sequence I / 1 / / 2 , . . .  can be 
ob ta ined  where t he / / i+1  are eigenvectors  of  an F bui l t  w i t h / / i .  I f  the  sequence 
converges to  a l i m i t / / *  this  set is the  solut ion of  the  R o o t h a a n  equat ions.  E n e r g y  
not  a lways  is lowered passing from / / i  to  / / i+1: convergence genera l ly  can be 
reached only f f / / 0  has  been choosen near  enough to the  u n k n o w n / / * .  

The mos t  i m p o r t a n t  fea ture  of  the  new m e t h o d  we shall  expose here is t h a t  
i t  minimizes  d i rec t ly  the  energy,  wi thou t  using the  condi t ion  dE = 0 ( tha t  is 
wi thout  passing th rough  R o o t h a a n  equat ions) ,  so t h a t  convergence is a lways  
reached,  i ndependen t ly  from the  choice o f / / %  
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The Method 

I.  Let  us consider a set of n atomic orbitals* Y.1, )/2 . . . .  Zn and  a set H ~ of n 
0 0 or thonormal  molecular  orbitals where ~i = ~ cii ZJ' I n  m. o. theory the wave 

i 

funct ion  is represented by  an  ant i symmetr ized  product  of m. o. (with spin part),  
t ha t  we shall write brief ly:  

D =  I o I 

(where the vert ical  bars indicate an t i symmet r i sa t ion  and normalisat ion,  the bars 
over the n ~ indicate spin ~ and  no bar  indicate spin fi and  posit ion p in  the product  
indicates electron p). 

The wavefunct ion m a y  also be a l inear  combinat ion  of two or more Slater 
de te rminan t s  (triplet or singlet excited states, projected "unres t r ic ted"  m. o. 
wavefunct ions and so on). 

I n  all cases the energy depends on coefficients ci ~ which are the elements of a 
mat r ix  C ~ This mat r ix  can be now modified by  a ro ta t ion  of rows 'a' and 'b', 
corresponding to the ro ta t ion  of the orbitals n~ and  z0 : 

1 cos ~o o sin q) ~z~ n a = n a -}- 
o ~ = - - s i n ~  ~ a + c ~ 1 7 6  ~  

Using this new mat r ix  C 1 the energy is a funct ion of ~0 and by  numerical  or, when 
possible, by  anal i tycal  methods  we can find the point  corresponding to the lowest 
energy, (pmin. I n  the new set of orbitals defined by  (flmin a new pair of orbitals m a y  
be choosen and  rota ted to reach the bo t tom of the energy well and  so on, for all 
possible pairs. The whole cycle will be repeated m a n y  times as long as convergence 
is obtained,  t ha t  is when further  ro ta t ion  of orbitals cannot  lower the energy 
again**. 

Rota t ing  orbitals has an useful feature:  replacing some orbitals in  a Slater 
de te rminan t  with a l inear combinat ion  of other orbitals, a row of the de te rminan t  
becomes a combinat ion  of rows and  the de t e rminan t  a combinat ion  of determi- 
nants .  

For  ins tance 

I (1) 

or (remembering tha t  a de te rminan t  with two equal rows is zero and  tha t  the 
exchange of  rows is equivalent  to a change of sign) 

D = i I = l" (2) 

I n  this way, in  most  cases, we m a y  expand the wave funct ion after two or more 
rotat ions as a l inear  combinat ion  of wave funct ions in  the s tar t ing orbitals. This 
fact will be useful in  dealing with excited states, bu t  also to unde r s t and  some 
impor t an t  features of the ground state and  give help in  calculations. 

* We shall speak always of atomic orbitals and m. o. but all we shall say is also valid, of 
course, for each set of linearly independent analytical functions Z~ and for each set of orbho- 
normal functions ~j obtained by a linear combinatioa of the Z~- 

** If the Z~ are orthonormal (if they are not so, they can always be orthonormalised), 
instead of rotating rows of C o it is possible to rotate columns without breaking orthonormMity 
of the zi. Of course the rotatioa of columns does not correspond to rotation of orbitMs and 
this is the advantage which induces us to prefere the first way of minimizing the energy. 
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I I .  I t  can be shown tha t  the set of  final molecular o rb i t a l s / /*  found with the 
method  of rotations, satisfies also the condit ion dE = 0. Indeed, let us express the 
energy (instead of as a function of  the coefficients) as a function of  the parameters  
~1, q2 . . . . .  T(~), defining the successive rotations of  each of  the (~) pairs of orbitals. 

I f  this successive rotat ions are defined start ing from the s e t / / * ,  we have tha t  in 

the point  ql  = T2 . . . . .  ~v(~) = 0 the partial  derivatives ~E(~) _ 0 (i = 1, 

2, . . . ,  (~ ) ) .  

I I I .  Ground states. A closed shell ground state is represented by  a single 
determinant,  where m molecular orbitals are doubly  filled with electrons with 
opposed spin: ~5~ = ] 7e 1 ~ t  7~2 ~ . . .  ~m ~m I " 

A rotat ion of  two doubly  filled orbitals does not  change the determinant  
(see the example 2 in section I I ) ,  so tha t  the only rotations to do are those of  a 
filled 7~a and an empty  7~b m. o. 

Expanding  in the old orbitals we have:  

~b~ (~0) = cos ~ ~0 ~b~ (0) + ~2 sin q cos ~ qiE (0) + sin s ~0 ~bD C0) 

where ~OD (0) is the diexcitcd configuration with two electrons lifted from ~a to 
~b and ~ E  (0) is the corresponding monoexcited singlet configuration. 

As we see the rota t ion of orbitals is not  equivalent to configuration interac- 
t ion of r  and ~5~ (as it would happen with ~a singly filled) but  an indirect rela- 
t ion exists, because the C. I. matr ix  element between ~b~ and ~ E  is zero in ~0min 
(see Appendix I). Wi th  the final s e t / / *  all matr ix  elements with excited states are 
zero. This is not  surprising because, from what  was said in section I I  follows tha t  
the Brillouin theorem (7) mus t  be also valid here (in fact  the m. o. we find are also 
solution of  the Har t ree-Fock equations). 

I n  Appendix I some useful relations among the functions G (~), D (q), E (~), 
GD (q~), DE (~) are listed (see App. I for the meaning of these notations). These 
relations allow alternative ways for finding the min imum point  ~0min. 

When  the energy depends on products  of  order four of  sin ~0 and cos ~0 like in 
closed shell ground states (see App. I) a numerical method  is necessary to  find 
(~min. On the contrary  an analytical  solution is possible when this dependence is of  
order two (as happens rotat ing a singly filled with an empty  m. o.). 

I V. Symmetry. The existence of symmet ry  lowers the number  of  rotat ions to do. 
For  instance the fact  that ,  in closed shell and in "unrestricted" m. o. ground 
states, the matr ix  e lementsbe tween  the ground state and the monoexci ted state 
are zero ff ~a and ~b have different symmet ry  means tha t  a rota t ion cannot  lower 
the energy and (~min ~ 0. 

V. An  example. Calculations on an IBM electronic computer  were done with 
our method.  I n  the table an example (benzyl radical) is given. An "unrestriCted" 
m. o. wave function (~, 5) was used for 7~ electrons of the radical. The functions 
Z~ are here the seven Pz atomic orbitals on carbon atoms. Linearly combining them, 
two sets of  or thonormal  m. o . / P  (for electrons with spin ~) a n d / / ~  (for electrons 
with spin /~) can be obtained. The seven molecular orbitals obtained by  the 
Hiickel method can be used as start ing set/ /~o and//~0. I-Ifickel m.o.s are symme- 
tric (S) or ant isymmetr ic  (A) with respect to reflection ill the symmet ry  plane of  
the molecule. I f  the m.o. are filled as in  the figure, the only rotat ions to do a re :  
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1 - - 5 ;  1 - - 7 ;  3 - - 5 ;  3 - - 7 ;  2 - - 6 ;  4 - - 6 ,  in  the set ] /~ and U - - 5 ' ;  U - - 7 ~ ;  
2 ~ - -  4 ' ;  2' - -  6';  3 ~ - -  5' ; 3' - -  7', in the s e t / / ~  (see Fig. 1). 

Satisfying convergence in  spin densi ty  and  energy is reached after few cycles, 
as the table shows. I n  the last column results are reported which have been ob- 
ta ined  solving the Har t ree-Fock equat ions (using of course the same values of the 
integrals over atomic orbitals;  these values and the 

7 - - S ' - - 7 '  
results in  the last column where k ind ly  supplied by  
Dr. BERTmER). NO significant difference between the r ~ A ~ e' 
two methods is apparent .  

VI.  We pass now to discuss the limits of val idi ty  s - -  ~ - -  5' 
of the method.  Indeed,  not  always the m i n i m u m  we 

g 0 A ~ ~' find is the absolute m i n i m u m  of the energy. I t  m a y  
happen  (as in g o o t h a a n ' s  method),  choosing a diffe- 

3 0 g 0 a' 
rent  s tar t ing point,  t ha t  a lower value of the energy 
is reached. Bu t  often the way exists of doing a part ial  a . O A O a' 
control and a correction on the final s e t / / * .  For  ins tan-  
ce, in singly filled m.o. wave functions,  after having mi- ~ 0 S" 0 ~' 

nimized by  two by  two rotations,  it  may  be that ,  se / i i~  se/2ZD 
combining two excited states Ha .~ b and  Ha-+ c, we Fig. 1 
obta in  a state Ca -+ b, (where b' is a l inear combinat ion  
of b and  c) with a lower energy t h a n  the ground state. Then  the true ground state 
is Ca _+ b,, t ha t  is b', ins tead of a, mus t  be filled*. 

Wi th  this new s tar t ing set the entire calculation mus t  be repeated. I f  3 is the 
dimension of our problem, with this correction we m a y  be sure to have found the 

Table 
The various steps in the convergence process for an unrestricted doublet wave function 

(benzyl molecule). Comparison with Roothaan method. 

Spin density 

on atom '1 
,, 2 

~, 3 

~ 4 

5 
Lowering of 
the energy (eV) 

initial 
value 

+0.570 
+0.000 
+0.t42 
+0.000 
+0.'142 

1. 
cycle 

+0.72'1 
-0.118 
+0.t88 
-0.079 
+0.'173 

- .175'1'1  

2. 
cycle 

+0.740 
-0.134 
+0.204 
-0.'103 
+0A87 

-.18292 

3. 
cycle 

+0.741 
-0.t39 
+0.210 
-0AI0 
+0.t94 

-.18363 

c~cle 

+0.740 
-0.141 
+0.212 
-0.112 
+0.197 

-A8373 

5. 
cycle 

+0.739 
- 0.142 
+0.213 
-0.113 
+0.199 

i 

-.18376 

Spin density 
by solving 
}Iartree- 

Foek 
equations 

+0.742 
-0.143 
+0.215 
-0.115 
+0.201 

absolute m i n i m u m ;  in fact, a 3 by  3 ro ta t ion  among a, b, and c of the s e t / / *  is 
equiva lent  to C. I. plus an exchange of orbitals (see App. II) .  

I n  an n dimensional  problem (n > 3) only n by  n rotat ions would give surely 
the absolute min imum.  They  can be done, with the aid of C. I. (analogously as 
for n = 3) only in  two eases: when the filled orbitals are I or n - -  1. I n  these 

* If a and b are singly filled and c is empty, and combining q}~ -+ c with Ob -> c we obtain 
a state Ca, --~ c with lower energy than the ground state, the new ground state is that obtained 
exchanging a with c and b with a linear combination of a and b (see App. II). 
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cases the  resul t  is not  dependen t  on the  s ta r t ing  point .  I n  o ther  cases i t  is be t t e r  to  
s t a r t  (as in R o o t h a a n  method)  wi th  a set as near  as possible to  the  p resumed t rue  
min imum.  

V I I .  E x c i t e d  s tates .  After  having  found the s e t / 7 *  which minimize the  ground  
s ta te  ~bu we can bui ld  wi th  the  s a m e / / *  an exci ted  configurat ion ~5z, t h a t  is a 
wave funct ion or thogonal  to  ~bu. 

Now, wi th  the  me thod  of ro ta t ions ,  we can minimize the  energy of ~b~ b y  a 
va r ia t ion  o f / / *  wi thout  des t roying  o r thogona l i ty  to  the  ground  s ta te .  I n  fact ,  
developing the  wave funct ion of  an exci ted  s ta te  ~b~ af ter  two or more  successive 
ro ta t ions  on the  set H *  as a l inear  combina t ion  of wave funct ions i n / 7 *  i t  is possi- 
ble to  see i f  the  ground  s ta te  ~ (/7*) is mixed  or not,  t h a t  is if~bg is or thogonal  to  
~ ( / /*)  as is requi red  for an  exci ted  s tate .  Genera l ly  some types  of pairs  of 
orbi ta ls  exist ,  whose ro ta t ion  do not  produce  a mix ing  of the  ground  state ,  and  so 
we can minimize ~ using only these t ypes  of ro ta t ions .  

The mix ing  of the  ground  s ta te  depends  also on the  order  of  the  rota t ions .  If ,  
for instance,  ro ta t ions  (ab), (cd) do not  mix  the  ground s ta te ,  i t  m a y  be t h a t  t hey  
mix  i t  in  the  inverse order  (cd),  ab) .  

I n  the  same way  exci ted  s ta tes  of higher  energy m a y  be minimized  keeping 
t h e m  or thogonal  bo th  to  the  ground  s ta te  and  to  exci ted  s ta tes  of  lower energy.  

V I I I .  Other  t y p e s  o / w a v e  [ u n c t i o n s .  The only  condi t ion  to  app ly  the  m e t h o d  
of ro ta t ions  is t h a t  the  wave funct ion is a funct ion of  an u n i t a r y  mat r ix .  I t  can be 
appl ied  of course also to  minimize  the  energy of a wave  funct ion which is a l inear  
combina t ion  of two or more  de t e rminan t s  : th is  t ype  of  wave funct ion is necessary,  
for instance,  if  we wan t  to  represent  a s ta te  wi th  spin mul t ip l i c i ty  higher  t h a n  two. 

Appendix I 
We show that:  

a) dG (qJ)/gqJ = - 2 p2 GE (~) 
b) dD (qJ)/dq~ = 2 ~ D E  (qJ) 
e) 2 GD (q0) + G (~) + D (~) = const 
d) E (~) + G (~0) + D (~0) = eonst 
e) E (q~) - 2 GD (T) = eonst 

where: 

G = (q~ [ H [ qSa ); EG = ( ~  ] H [ qba ); and so on. 

In fact, developing @D (~) and @E (~) as ~v (~) in Section I I I  we get: 

r = us~)v - V~uvq~E + vSr r  = (u s - vS)~.' + g ~ u v ( r  - r  

where 
u =cos~ ;  v =sin~0. 

So we find that:  

G (q~) = u ~ G + 2 V2 ua v EG + 2 u s v 2 (E + GD) + 2 V2 uva E D  + v a D 
D (q~) = u 41) - 2 V2 u s v  E D  + 2 u 2v  e (E + GD) - 21/2 uv a EG + u 4G 
E(q0) = ( u  a + v  4) E + 2 V 2 (  u s v - u v  a ) ( E D - E G )  + 2 u  s v  e ( D + G - E - 2 G D )  
EG (~o) = u ~ GE +1/2 u 3 v (E + GD - G) + 3 u a v s ( E D  - GE) + ~ uv a (D - E  - G D )  - v  4 E D  
ED(q~) = u  a E D  + I / 2 u  z v ( D -  E - G D )  + 3 u  s v  2 (GE - E D )  + 1/2uv s ( E  + G D - ~ )  - v  a G E  
GD(q~) = (u 4 + v ~)GD +1/2(u a v - u v  a) (E D - G E )  + u 2v s (G + D - 2 E )  ; 

by means of these six expressioas we can obtain easily the ~) - e). 
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Appendix II 
I n  p a r t  t .  we shall show t h a t  a 3 b y  3 ro ta t ion  of  two e m p t y  orbitals :z2, :~3 and  one filled 

orbi tal  z l  in a s e t / / *  which minimizes the  energy of  t he  ground  s ta te  can lower the  energy 
only  if  a combina t ion  exists of  t he  two exci ted s ta tes  ~1-~2 and  q~l-~s wi th  a lower energy t h a n  
C s  and  t h a t  t he  new s ta te  of  lower energy is ob ta ined  placing the  electron which was in z l  in to  
a new orbi tal  s t ,  l inear combinat ion  of  :~z and  za. I n  pa r t  2 the  case of two e m p t y  and  one 
filled orbital  is examined.  

1.3  by 3 rotation o/ one ]illed orbital ~1 and two empty orbitals ~2 and Jz3: 
3 

:~ = Y, e~j ~j (i = t ,  2, 3) 
j= l  

so t h a t  

CG -- C11r ~ C12~1~--> 2 + e13 (~1__> 3 
and  

~! 12 , ( q ~ l H ]  G}=c~l  ( ~ b G I H [ q ~ } + c  2 (r +c~2 (f i5131HIq}~}+ 

+ 2 c~1 c12 ( ~  I g I q~2 } + 2 c1~ c~3 (q)a I H [q)~3 } + 2 c~2 c12 ( ~ 2  I H [ (~13), 

bu t  af ter  having  minimized  wi th  two by  two ro ta t ions  

thus  we m a y  wri te  

( ~ [ H [ r  (q)a[H!~} +c~2A~2+c~2A~ 8 +2c~2c~3 (~12 /glq~13} 
where 

I t  mus t  be (otherwise 3 b y 3 ro ta t ion  is uneffective in lowering the  energy) 

(O~]H[Cb~} < ( q ) v I H ] ~ b a } ,  

t h a t  is, the  following condit ion mus~ be s~tisfied 

I = (C~2 A12 5 C2a zJ13 § 2 C12 C18 <~121 H ] q~xa }) < 0 .  

Let  us in t roduce the  two new variables c~e, c~ 

c h  = e~2 (1 - c ~ ) - V ~ ,  c h  = c ~  (1 - ch)-~l~ 

so tha t  
t2 

and  we can wri te  
c~ - cos ~ ,  c~ = sin q~ ; 

" I "  will t hen  have  the  form 
I = (1 - ch) I ~ 

where  1 ~ is: 
I '  = cos 2~ A1 ~ + sin ~o AI~ + 2 sin ~0 cos q~ (fib~2 ] H [ ~b~2 }. 

In t roduc ing  the  new wave  funct ion  

q~z, = cos ~ ~ + sin q~ O~a 
we see t h a t  its energy is 

<r I H I ~ , >  = ~' + r  

t h a t  is I ~ will be negat ive only if  C. I.  be tween  ~ and  ~ - ~ 2  gives a s ta te  wi th  lower energy 
t h a n  the  ground  s ta te .  

I f  ~Vm~n is found wi th  the  C. I. it  follows t h a t  

has  the  lowest  value for c n = 0; 
t h e n  

c n = 0 ; c~2 = cos (~V~n) ; C~ = sm (~v~n), 
t h a t  is 

z~ = cos ( ~ )  ~2 + sin (~m~) n~ 
(as was said in VI).  

3* 
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2. Combination of one empty orbital ~3 and two/illed orbitals z~ 1 and ~2 

or, remembering that  C is an unitary matrix, 

then in the same way as before we get 

~"~ ~ ~7"~ 3 

~ = cos ( ~ n )  ~ + si~ ( ~ )  ~2 

where q0~ is found with C. I. 
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